We present an advanced technique to retrieve phase from multiple optical interferograms containing intensity nonlinearity and random phase shifts, which are common in practice. The proposed algorithm employs a least-squares iteration scheme to detect harmonics up to the pth order and arbitrary phase shifts simultaneously, and the phase distribution can be accurately extracted from (2p þ 1) interferograms. The technique is validated by both computer simulation and real experimental results.
where i denotes the ith phase-shifted image (i ¼ 1, 2, …, M), j denotes an arbitrary point in the image (j ¼ 1, 2 , …, N), b ij0 is the background intensity, b ijk is the intensity modulation amplitude of the k th order harmonics ( k ! 1 ) , / j is the phase, d i is the ith phase-shift amount, and p is the highest significant harmonic order of the captured image. The equation used by the conventional phase-shifting technique is a special case of Eq. (1) with p ¼ 1 and d i ¼ (i À 1)2p/M. In reality, as mentioned previously, this is generally not true. The proposed technique is an iterative algorithm involving three steps in each iteration cycle.
Step 1: Determination of arbitrary phase shifts. In this step, the coefficient b ijk is assumed to be a constant for each frame but can vary from a frame to another one, i.e., b ijk ¼ B ik . Under this assumption, two sub-steps are applied to find the phase shifts. The first one is to calculate B i0 , …, B ip with known phase information (i.e., / j and d i obtained from previous iteration cycle or from an existing phase-shifting algorithm (Ref. 21 ) for initial estimation). A least-square error accumulated from all the pixels in the ith image can be written as
where I ij denotes the captured interferogram intensity. Minimizing S i with respect to B ik yields
where new phase shift in a range around the current one to minimize the following least-squares sum
where D i 2 ðÀD max ; D max Þ and D max is a predefined threshold value. In this Letter, D max is set to p/2 or 90 , and the finest searching step increment is 0.0001 rad or 0.0057
. After this step, the phase shift is updated as an adjustment of the previous value by d
Step 2: Determination of phase distribution. In this step, it is assumed that the coefficient b ijk is a function of pixel location and does not have a frame-to-frame variation, i.e., b ijk ¼ B jk . Similar to step 1, two sub-steps are conducted here. With phase / j obtained from the previous cycle and d i updated in step 1 of the current cycle, the least-squares error is
and this yields
where the elements of matrix A (j) and column vectors X
and
Solving Eq. (7) yields B j0 , …, B jp . Then, similarly to step 1, the phase / j can be updated by searching for D j in a range of (ÀD max , D max ) around its current value to minimize the leastsquares sum
In this way, the phase is updated as (/ j þ D j ).
Step 3: Convergence check. The iteration continues until the following convergence criterion is satisfied for each phase-shift value d i : 
where n denotes the number of iteration cycles and is a predefined accuracy threshold (e.g., 10
À4
). Equation (1) involves unknowns b ijk , / j , and d i . Because the actual b ijk generally does not have a frame-to-frame variation, the total number of unknowns is [(p þ 2) N þ M]. Considering that the number of available equations is (MN), at least M ¼ (p þ 2) N/(N À 1) phase-shifted interferograms are required for the phase extraction. In reality, because the proposed algorithm employs a least-squares approach to solve for the coupled unknowns, more images are typically demanded to ensure a trustworthy processing. We have conducted numerous simulation tests to find the proper M for each different p. The result shows that using four images for p ¼ 1 or (2p þ 1) images for p > 1 is capable of providing reliable analysis for all the tests, although some only require as few as (p þ 3) images. The tests also verify that the selected p can be larger than the actual highest harmonics order and more than (2p þ 1) interferograms may be used for a selected p. If two or more interferograms have very close phase shifts that make the pixel-by-pixel difference between these interferograms indistinguishable, then more than (2p þ 1) interferograms may be required to ensure a correct convergence and reliable analysis. Figure 1 shows four representative interferograms used in the simulation, where case a is noise-free, case b involves high noise levels, case c contains high-frequency fringes, and case d includes nonuniform background, and the p values are 2, 3, 4, and 5, respectively. Table I illustrates a comparison of the root-mean-square errors (RMSE) of the fullfield phase distributions extracted using the conventional algorithm, Hibino's algorithm, 10 advanced iteration algorithm (AIA), and the proposed algorithm. Hibino's algorithm and AIA are selected because the former is insensitive to quadratic and nonuniform phase shifts and the latter is among the best algorithms for analyzing arbitrarily phaseshifted interferograms in practice. The results clearly demonstrate the validity of the proposed algorithm. It is noteworthy that other simulation tests show that both the AIA and the proposed algorithms provide accurate results when there is no intensity nonlinearity (i.e., p ¼ 1).
To avoid redundancy, only the simulation case d is elaborated here to demonstrate the effectiveness of the proposed algorithm. In the simulation, arbitrarily phase-shifted moiré interferograms representing the deformation field around a Here, (i, j) indicates pixel location and w and h denote the image width and height, respectively. In addition, Gaussian noise with mean l ¼ 0 and standard deviation r ¼ 5 is added to the interferograms. Figure 2 shows the phase distributions along a line highlighted in the original interferogram, Fig. 1(d) . It is evident that the proposed algorithm provides substantially better results than the existing algorithms due to its capability of handling high-order harmonics effect.
The proposed algorithm has also been applied to analyze randomly phase-shifted interferograms acquired in the mechanics measurement of a beam subjected to bending load. Since p cannot be determined prior to the interferogram analysis, a relatively large number of images (15 images to allow the maximum p to be 7) are captured in the experiment. The analysis with the proposed algorithm shows that stable results can be obtained if p is set to 4 or larger, and this reveals that the highest harmonics order in the interferograms is p ¼ 4. Figure 3 shows one of the captured interferograms as well as the phase maps extracted by the existing AIA and the proposed algorithms. The experiment verifies the validity and feasibility of the proposed algorithm.
In summary, we have presented an iterative algorithm to extract phase information from optical interferograms involving both intensity nonlinearity and arbitrary phase shifts, which are the two errors typically encountered in real applications. The algorithm is applicable of eliminating the effect of arbitrary phase shifts and harmonics up to the pth order with (2p þ 1) or more interferograms. 
